Abstract: In order to overcome the drawbacks of conventional artificial potential fields (APF) based methods for the motion planning problems of mobile robots in dynamic uncertain environments, an artificial coordinating fields (ACF) based method has been proposed recently. This paper deals with the reachability problem of the ACF, that is, how to design and choose the parameters of the ACF and how the environment should be such that the robot can reach its goal without being trapped in local minima. Some sufficient conditions for these purposes are developed theoretically. Theoretical analyses show that, the ACF can effectively remove local minima in dynamic uncertain environments with V-shape or U-shape obstacles, and guide the mobile robot to reach its goal with some necessary environment constraints and based on the methods provided in this paper to properly choose the parameters of the ACF. Comparisons between the ACF and APF, and simulations are provided to illustrate the advantages of the ACF.
Introduction
In dynamic and uncertain environments, it is difficult to decide effective behaviors for a mobile robot to avoid collision with static and dynamic obstacles and try to go to the goal, with only limited sensors' information of the environments [ 1 ] . Many methods have been proposed, such as: configuration-free space [2] , neural network or fuzzy rules based intelligent methods [3, 4] , behavior based approaches [ 5 ] , velocity obstacles [ 6] , collision cones [ 7 ] , etc. Of all these methods, artificial potential fields (APF) based methods have been extensively studied [8, 9] . However, some drawbacks can be seen in conventional APF based methods [8] , e.g. local minima, oscillations in trajectories, and insufficient representation of the environment information and the robot states. Efforts have been made to find a way to overcome these problems [ 10 -16] . However, most of these methods either need some global environment information, or only solve navigation problems in static environments or dynanfic environments with conservatism constraints on moving obstacles. In [17] [18] [19] , an artificial coordinating fields (ACF) 
Definitions and designs of ACF
The necessary definitions and fundamental designs of the ACF are given in order to discuss the reachability of the ACF. Some notafons are introduced. A planar U can be denoted as a point set U = {(x,y)TI x,yff R} C1~2, where point (x, y)T is a column vector, ( ~ )T is the transpose of vector ( ~ ), I~ is the whole real number set, and a D is the boundary of a point set D. A bold symbol denotes a vector; an unbold symbol denotes a scalar, e (A) denotes the unitary vector of the vector A.
The difference of two points is a vector or matrix, e. g.
from q2 m ql,~(a,b)
denotes the minimal angle between two vectors a and b.
Definitions of the ACF Definition 1
Given 0 C U, is a close and interconnected point set. Assume V q E U & q r 0, define the mapping g : q -+ 3 0 such that p = go ( q 
E ~ is the range of the ACF.
A bounded artificial repulsive-coordinating force field is illustrated in Fig. 1 . It can be seen that force vectors in the bounded ACF can be bended because of existence of coordinating forces. This property can be put into special uses for elimination of local minima or generation of some effective collision avoidance behaviors.
Some other definitions or notations used in this paper are as foUows.
The distance between any two point sets 0 i and Oj is the shortest hne distance between the two sets' boundary 30i and a 0 j, denoted by d(Oi, Oj). The robot can be regarded as a circle at point q = (x, y)T with radius r, which is denoted by Rob( q, t) with boundary aRob at time t in U. The effective sensing distance of the robot' s sensors is R, which results in an observable circular region P(q,t) with bound 0P(q,t) around point q. In addition, Sub-goal is the current moving direction of a mobile robot in its observable region P ( q, t), denoted by eds-And assume that effective range of ACF is dO = R. 
Basic designs of the field parameters
The fundamental designs of the ACF are the topic of this section. For the goal point qd, and any obstacle Oi, the attractive, repulsive and coordinating forces are designed respectively as follows: Assume the maximum acceleration and velocity of the mobile robot is a .... and Vm~,, respectively. Considering the actual samratiom of the velocity and acceleration of a mobile robot, and using only local knowledge of the environment provided by the sensors, the magnitude parameters Kri and Knl are designed as follows: Based on (2) and (3), the safety of the mobile robot can be effectively guaranteed with consideration of the dynamic constraints. The detailed results of the parameters' design of the ACF can refer to [ 18 ] .
Note that, how to decide the direction of the coordinating force-vector is a key problem in the ACF based method for the collision avoidance and elimination of local minima. Hence, the coordinating factor 2 with respect to an obstacle should be properly decided according to an optimal evaluation function in order to eliminate local minima and generate optimal collision-avoidance behavior.
Decision making of the coordinating factor relies on the decision of sub-goals of the mobile robot in the local environment P ( q, t). Different sub-goals correspond to different motion behaviors. The following algorithm is to decide the coordinating factor 2. Sub-goals are decided as follows:
Else, e$2 ------e(Vo) + Ice(Vr). where Vr is the velocity of the robot, I1o is the velocity of the obstacle O, V0 is a constant, Ic > 0, Ic # 1.
The whole decision making of sub-goals above can be rewritten as
Then the optimal decision making of the coordinating factor 2, with respect to an obstacle 0 is
In the decision making of sub-goals (4), it can be seen that the decision of sub-goals only involves the knowledge of the attractive force, and velocities of the mobile robot and the obstacle, and all these variables can be obtained using the sensors' information and dynamic coordinates on the robot in the local environment. In (4), if the velocity of an obstacle is less than V0, then it can be regarded as a static obstacle. For a static obstacle, sub-goals are decided such that the robot can shun it in a shorter way (see Fig.2 ). However, for a moving obstacle with high velocity, sub-goals are decided in such a way that the robot can run away from the obstacle's trajectory as fast as possible (see Fig. 3 ). In (5), the coordinating factor is decided such that the coordinating force can provide positive actuating force in the direction of sub-goals, tc in (4) is a constant to be defined, the larger tc is, the more stable and less oscillatory is the trajectory of the mobile robot.
: 
30,t(ql) is a line tangent to 30 at point ql" er(t(ql))
is the unitary vector of the tangent line t( q l ) at q l anticlockwise around O, et ( t ( q 1 ) ) is the unitary vector of t ( ql ) at ql clockwise.
Environment constraint 3:
Voi,ojE osU od,
Referring to Fig.4 The safety of a mobile robot in ACF is not discussed in this paper, and is assumed that the safety can be guaranteed.
The main result for the teachability of the ACF is the following theorem. Theorem 1 Give a task environment with constraints 1-3,based on the ACF with parameters (1)- (5) and properly chosen kn and m in (3), the global goal point qa of the mobile robot is reachable;that is, no local minima exist in the environment.
In order to prove this theorem, there is a need to address the following three problems:
Pl : For an isolated obstacle, there are no local minima in its ACF.
P2:For any two obstacles, there are no local minima in the crossover area of their ACF.
P3: When a robot meets an obstacle on its path, wall-following behavior can be generated until the robot completely avoids the obstacle.
In the following part, we firstly prove Theorem 1 with assumption that P1-P3 are satisfied; then, we study whether or how Pl -P3 call be solved.
Proof of Theorem 1: Take relative velocity Vor with respect to an obstacle as the velocity of a mobile robot, and then all the obstacles can be regarded as static obstacles. And environment constraint 3 follows that, for any obstacle there is a path around it through which a mobile robot can reach the final global goal successfully.
Attracted by the goal due to the attractive force Fa, a mobile robot always has to avoid collision with the obstacle which is in P( q, t) and on the line from the current position of the robot q to goal qa, and before the obstacle Oi, the wall-following behavior is generated in this case.
Moreover, the robot vail not be trapped in local minima if it does not meet any other obstacles due to P1. In the process of wall-following around Oi, assume that obstacle Oj is the nearest to Oi in P ( q, t ). Obviously, the robot should pass the passage between Oi and Oj. When the robot is wall-following around Oi, the velocity of the robot can be thought to be parallel to the tangent line of 30i.
Assume the wall-following behavior is anti-clockwise around Oi, that is 2i = 1. The environment constraint 2 follows that clock( e ( Frj( q) ),e,t) = 1,ea = ( e( qa - Lemma 1 In the ACFs of Oi and Oj (see Fig. 5 ), curve C in definition 6 is an equi-repulsive-force curve.
And assume when a robot passes a passage, it moves along the equi-repulsive-force curve. (Proof is omitted).
Then we have the following result. Proposition 1 Given d( Oi, Oj) >~ 2a, and a >~ r.
Regardless of the effect of the attractive force, the robot to pass the passage between Oi and Oj, kn, m, and 2 in (3) should satisfy the following minima-flee conditions:
Before passing the passage:
= arg min (~(a 9 T. (gt(q) -q)
aEI1,-IE
(-Frj(q) -Fri(q))/2)).
After passing the passage ;tz = 0 2t = arg min (~(2 9 T" (gt(q) -q)
and additionally, 
F(q,l) =( II q -g,(q)l[ -r -pos(Vlr " e(gt(q) -q))2/2amax), l E {i,j}.
Proof The repulsive and coordinating forces acting on the mobile robot are
ll q -gi(q) [I -r-Xi) '~ kr + (H q-gj(q)II -r -xj)-
F n = Fni + F~j krli (ll q -gi(q) II -r -Xi) '~ k.
+ (11 q -gj(q)II -r -xj) m q -gi(q) [I q -gi(q) II q -gi(q) II q -gj(q)II '

q -gi(q) II q -gi(q) II q -gj(q) H q -gj(q)][" X1 = (Vor" e(gt(q) -q))Z/2amax, l ~ {i,j}.
The robot is expected to pass the channels along the equidistance curve C, assume Xi ~-Xj, we have
1[ q-gi(q) I[ -r-Xi = I1 q-gj(q) [1 -rXj.
LetF = II q-gi(q) [[ -r-Xi, and 0 = ~(e(qgi(q)),e(q -gj(q))).
By cosine theorem, 
~EOdUo ~ ~EO~Uo
where Kf > 0 is a constant, q is position of the robot, 61d
is desired velocity of the mobile robot. Equation (7) The repulsive force is always counteracted by the effect of fr" e(Fa) in the case fr ~< 0, i.e.,fr e(Fro) +
Fro(q) --~ 0 holds. Therefore, the PE (7) 
then 2 vhll be kept constantly for the case offr ~< 0, namely, the wall-following behavior can be generated until fr > 0. Consequently the following inequality holds:
1 + x 2 -2xsin(01 + 02) # 0.
Then by the triangle sine theorem
~(e,a,Vr) = aresin ~/1 + tr 2 2xsin(01 + 02) "
According to equations (4) and (5),in order for2 = 1 for the next moment, it must hold 0 ~< ~ ( e,a, Fno) < 7r/2. Therefore,we have0 ~< ~ ( esa, Vr) -81 < rt/2, namely, ~( esa, Vr) < re/2 + 01 . Obviously, from the aforementioned discussions, the larger the bound 8 is, the more stable and less oscillatory is the trajectory of the mobile robot. It can be seen from (8) that, the larger the variable x in (4) is, the larger is the bound 8. Recalling that, the larger x in (4) is, the more stable and less oscillatory is the trajectory of the mobile robot. Hence, the conclusion in Proposition 3 is consistent with the decision-making equation (4) . The bound 8
provides a guide to how to choose the variable x in (4) in order to successfully generate the wall-following behavior with respect to an obstacle satisfying II Vo II <~ Vo andfr ~ 0. Due to Propositions 2 and 3, once the wall-following behavior is generated, there are no local minima in the ACF of a concave obstacle satisfying environment constraint 1 ( see Fig. 9 ).
Comparisons and simulations
In this section, some comparisons between the ACF and the conventional APF are provided. And then simulations are conducted to test our results.
No local minima in the ACF
In order to show the advantage of the ACF in removing the local minima, three tyical cases are used to illustrate our results. See Figs.7 ~ 9. For any isolated obstacle, local minima always exist in the conventional APF at the point where the attractive force is completely counterbalanced by the repulsive force generated by the obstacle, i.e., Fa = -Fro (Fig. 7(a) ). However, there are no local minima in the ACF through properly using the coordinating forces based on the methods developed in this paper. According to (4) , the force vectors in the ACF of an isolated obstacle are illustrated in Fig.7(c) . On the left side of the line L in Fig. 7(c) , the coordinating factor is -1 based on (4), and on the contrary side, it is 1. W-hen the mobile robot passes a passage between obstacles, there always exist local minima in the conventional APF where the attractive force is completely counterbalanced by the composite repulsive force from the two obstacles ( Fig.8(a) ). These local minima can be effectively removed in the ACF according to Proposition 1 (Fig.8(b) ). In Fig.9 , when the mobile robot meets a large concave obstacle satisfying environment constraint 1 at time to, the angle a from the attractive force vector to the repulsive force vector is less than 180 ~ . When the mobile robot moves to the point q (t) at time t, the angle a is larger than 180 ~ . In the conventional APF, the mobile robot would move back along the past trajectory due to the composite force of the attractive and repulsive forces in this case and be trapped in a dead lock. However, in the ACF the wall-following behavior can be generated using the coordinating force according to Propositions 2 and 3. The coordinating factor is kept to be 1 constantly until the robot evades the obstacle completely. There is no dead lock in the ACF ( Fig. 9) . It should be noted that, the ACF is built only with the knowledge of the local environment exclusive of the goal. Hence, the ACF can effectively remove the local minima in dynamic uncertain environments.
Goal Goal No local minima in the passage between any two obstacle.
fr e(Fr (t)) =-Fr (t)
Fc(t)>-fee(Fc(t))
,~=1 Fig. 9 Wall-following behavior.
4.2
Simulations
In this section, based on Planning Equation (7), simulations are given to illustrate our results. For this purpose, (7) can be rewritten as
which can be further transformed into MX = A 9 X+ B. u,
where, X = [2 y x y],a,B,ureferto [17, 18] .
Note that the control u is the function of the field Based on the ACF, the wall-following behavior can be successfully generated without any heuristic knowledge when the mobile robot meets a large concave obstacle. 2) Navigation in dynamic uncertain environments on line. Based on the conventional APF, the aforementioned advantages are difficult to be achieved [4] . 
Conclusion
By properly deciding the coordinating factor and designing the coordinating force with respect to obstacles,
